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Abstract. Let (M, g, d^) be a complete metric measure space with 
Bakry-Emery Ricci curvature bounded below by a positive constant. We 
prove that, in M, there is no complete two-sided L/-stable immersed /- 
minimal hypersurface with finite weighted volume. Further, if M is a 
3-manifold, we prove a smooth compactness theorem for the space of 
complete embedded /-minimal surfaces in M with the uniform upper 
bounds of genus and weighted volume, which generalizes the compact- 
ness theorem for complete self-shrinkers in by Colding-Minicozzi. 

1. Introduction 

Recall that a self-shrinker (for mean curvature flow in M"+^) is a hyper- 
surface H immersed in the Euclidean space (M"+^,g(ca„) satisfying that 

where x is the position vector in R'^"'"^, u is the unit normal at and H is the 
mean curvature curvature of at x. Self-shrinkers play an important role 
in the study of singularity of mean curvature flow and have been studied by 
many people in recent years. We refer to [1], [5] and the references therein. In 
particular, Colding-Minicozzi [3] proved the following compactness theorem 
for self-shrinkers in M^. 

Theorem 1. [4j Given an integer g > and a constant V > 0, the space 
S{g, V) of smooth complete embedded self-shrinkers U CM.^ with 

• genus at most g, 

• dS = $, 

• Area{BR{xQ) r\ E) < VR^ for all xq G and R>0 
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is compact. 

Namely, any sequence of these has a subsequence that converges in the 
topology of C"^ convergence on compact subsets for any m>2. 

In this paper, we extend Theorem [1] to the space of complete embed- 
ded /-minimal surfaces in a 3-manifold. A hypersurface U immersed in a 
Riemannian manifold (M, 'g) is called a /-minimal hypersurface if its mean 
curvature H satisfies that, for any p £ U, 

H = {Vf,u), 

where / is a smooth function defined on M, and V/ denotes the gradient 
of / on M. Here are some examples of /-minimal hypersurfaces: 

• / = C, an /-minimal hypersurface is just a minimal hypersurface; 

• self-shrinker E in IR"+i. / = ; 

• Let {M,g,f) be a shrinking gradient Ricci solitons, i.e. after a nor- 
malization, {M,g, f) satisfies the equation Ric-I- V^/ = \'g or equiv- 
alently the Bakry-Emery Ricci curvature Ricj := Ric -|- V^/ = ^. 
We may consider /-minimal hypersurfaces in {M,g,f). In particu- 
lar, the previous example: a self-shrinker U in ]R"'+^ is /-minimal in 
Gauss shrinking soliton {W^^^ , gcan, 

• M = EI""'"-'^(— 1), the hyperbolic space. Let r denote the distance 
function from a fixed point p £ M and f{x) = nar^{x), where a > 
is a constant. Now Ricj > n(2o — 1). The geodesic sphere of radius 
r centered at p is an /-minimal hypersurface if the radius r satisfies 
2ar = cothr. 

An /-minimal hypersurface E can be viewed in two ways. One is that 
E is /-minimal if and only if i7 is a critical point of the weighted volume 
functional e~-^ da, where da is the volume element of U. The other one 
is that U is /-minimal if and only if E is minimal in the new conformal 

2 f 

metric g = e~~g (see Section [2] and Appendix), /-minimal hypersurfaces 
have been studied before, even more general stationary hypersurfaces for 
parametric elliptic functionals, see for instance the work of White [I^ and 
Colding-Minicozzi [7]. 
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We prove the following compactness result: 

Theorem 2. Let [M^,g,e^-^d^i) be a complete smooth metric measure space 
and Ricf > k, where k is a positive constant. Given an integer g > and 
a constant V > 0, the space Sgy of smooth complete embedded f -minimal 
surfaces U C M with 

• genus at most g, 

• e-fda < V 

is compact in the C"^ topology, for any m > 2. Namely, any sequence of 
Sgy has a subsequence that converges in the C" topology on compact subsets 
to a surface in SD,g, for any m> 2. 

Since the existence of the uniform scale-invariant area bound is equivalent 
to the existence of the uniform bound of the weighted area for self-shrinkers 
(see Remark [1] in Section [5]), Theorem [2] implies Theorem [TJ Also, in [2], 
we will apply Theorem [2] to obtain a compactness theorem for the space of 
closed embedded /-minimal surfaces with the upper bounds of genus and 
diameter. 

To prove Theorem[2l we need to prove a non-existence result on Lj-stable 
/-minimal hypersurfaces, which is of independent interest. 

Theorem 3. Let {M"'~^^,g,e~-^dfi) be a complete smooth metric measure 
space with Ricf > k, where k is positive constant. Then there is no complete 
two-sided Lf -stable f -minimal hypersurface E immersed in {M,g) without 
boundary and with finite weighted volume (i.e. f^e^^da < oo), where da 
denotes the volume element on E determined by the induced metric from 
{M,g). 

Here we explain briefly the meaning of Lf stability. For an /-minimal 
hypersurface E, Lj operator is 

where Aj = A — (V/, V-) is the weighted Laplacian on E. 



4 XU CHENG, TITO MEJIA, AND DETANG ZHOU 

Especially, for self-shrinkers, it is so-called L operator: 

II 2^ ' 2 
Lj-stability of Z" means that its weighted volume ^^e~^da is locally 
minimal, that is, the second variation of its weighted volume is nonnegative 
for all compactly supported normal variation. We leave more details about 
the definition of Lj-stability and some of its properties in Section [2] and 
Appendix. 

For self-shrinkers in R""*"^, Colding-Minicozzi [6] proved that 

Theorem 4. \Q\ There are no L-stable smooth complete self-shrinkers with- 
out boundary and with polynomial volume growth in . 

Since the first and third authors [3] of the present paper proved that 
for self-shrinkers, properness, the polynomial volume growth, and finite 
weighted volume are equivalent. Hence Theorem [3] implies Theorem 21 

In this paper, we discuss the relation among the properness, polyno- 
mial volume growth and finite weighted volume of /-minimal submanifolds 
(Propositions m [4] and [5]). We obtain their equivalence when the ambient 
space {M,g,f) is a shrinking gradient Ricci solitons, i.e. Ric + V^/ = 
with the condition |V/p < / (Corollary [1]). 

The rest of this paper is organized as follows: In Section [2] some defini- 
tions, notations and facts are given as a preliminary; In Section [3] we prove 
Propositions [3l S] and [Sj In Section H] we prove Theorem [Sj In Section [5] we 
prove Theorem [21 In Appendix we discuss some properties of L j-stability 
for /-minimal submanifolds. 

2. Preliminaries 

In general, a smooth metric measure space, denoted by {M"^,g, e~^ d^), is 
an m-dimensional Riemannian manifold {M"^,'g) together with a weighted 
volume form e^^ dfi on M, where / is a smooth function on M and d/x the 
volume element induced by the metric 'g. In this paper, unless otherwise 
specified, we denote by a bar all quantities on {M,'g), for instance by V and 
Ric, the Levi-Civita connection and the Ricci curvature tensor of {M,g) 
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respectively. For {M,g,e~^dfi), an important and natural tensor is the oo- 
Bakry-Emery Ricci curvature tensor Ric f (for simplicity, Bakry-Emery Ricci 
curvature), which is defined by 

Ric/ := Ric + VV, 

where V^/ is the Hessian of / on M. If / is constant, Ric/ is the Ricci 
curvature Ric on M respectively. 

A Riemannian manifold with Bakry-Emery Ricci curvature bounded be- 
low by a positive constant has some properties similar to a Riemannian 
manifold with Ricci curvature bounded below by a positive constant. For 
instance, see the work of Wei-Wylie [13], Munteanu-Wang [11^112] and the 
references therein. In this paper, we will use the following proposition by 
Morgan [10] (see also its proof in [13] ). 

Proposition 1. // a complete smooth metric measure space {M ,'g , e~ ^ du) 

has Ricf > k, where k is a positive constant, then M has finite weighted 
volume (i.e. e~-^d/i < oo) and finite fundamental group. 

Now, let i : 17" — )• M^,n < m, be an n-dimensional smooth immersion. 
Then i : (I]"';i*g) — t- {M''^,g) is an isometric immersion with the induced 
metric i*g. For simplicity, we still denote i*g by 'g whenever there is no 
confusion. We will denote for instance by V, Ric, A and da, the Levi- 
Civita connection, the Ricci curvature tensor, the Laplacian, and the volume 
element of {^,'g) respectively. 

The function / induces a weighted measure e~^ da on Z". Thus we have 
an induced smooth metric measure space {E"',g,e~^da). 

The associated weighted Laplacian Af on {X!,'g) is defined by 

Afu := Au - (V/, Vu). 

The second order operator Aj is a self-adjoint operator on the space of 
square integrable functions on Z" with respect to the measure e^-^da (how- 
ever the Laplacian operator in general has no this properties). 
The second fundamental form A of {U,g) is defined by 

A{X, Y) = (yxY)^, X,YeTpI],pe z, 
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where _L denotes the projection to the normal bundle of U. The mean 
curvature vector H of i7 is defined by H = tr^ = X^"=i(Ve-ej)-'-. 

Definition 1. The weighted mean curvature vector of U with respect to the 
metric g is defined by 

(1) H^ = H + (V/)^. 

The immersed submanifold {E, 'g) is called /-minimal if its weighted mean 
curvature vector Hj vanishes identically, or equivalently if its mean curva- 
ture vector satisfies 

(2) H = -(V/)^. 
Definition 2. The weighted volume of{E,'g) is defined by 

(3) Vf{U) := [ e'Ua. 

It is well known that U is /-minimal if and only if Z" is a critical point of 
the weighted volume functional. Namely, it holds that 

Proposition 2. If T is a compactly supported variational field on E, then 
the first variation formula of the weighted volume of {U, g) is given by 

(4) ^Vj{E,) 

On the other hand, an /-minimal submanifold can be viewed as a minimal 
submanifold under a conformal metric. Precisely, define the new metric 

_2_f _ 

g = e 1-' g on M , which is conformal to g. Then the immersion i : U ^ M 
induces a metric i*g on U from {M,g). In the following, i*g is still denoted 
by g for simplicity. The volume of {E,g) is 

(5) y{^)-= [ da= [ e-fda = Yf{S). 

J E Je 

Hence Proposition [2] and ([5]) imply that 

(6) / {T^,il)gda= [ {T^,Uf)ge-fda, 
Je Je 

where da = e~^da and H denote the volume element and the mean curva- 
ture vector of E with respect to the conformal metric g respectively. 



/ {T^,Uf)ge-fda. 
Je 
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2/ 

Identity ([6]) implies that H = e~tlf and (^,9) is /-minimal in {M,g) if 
and only if {I^,g) is minimal in {M,g). 

Now suppose that 17" is a hypersurface immer sed in M"+^ Let p £ U 
and I' a unit normal at p. The second fundamental form A and the mean 
curvature H of (^,9) are as follows: 

n 

H = tiA = -Y,{^e.ei,u). 

i=l 

Hence the mean curvature vector H of {X!,g) satisfies H = —Hv. Define the 
weighted mean curvature Hf of {^■,'g) by Hj := —HfU. Then 

Hf = H-{Vf, u). 

Definition 3. A hypersurface S immersed in {M'^~^^,g,e~^dij) with the 
induced metric g is called an f -minimal hypersurface if it satisfies 

(7) H = {Vf,u). 

For a hypersurface (U,^), the Lj operator is defined by 

Lf := Af + |Ap + Ric/(z^,i^), 

where \A\'^ denotes the square of the norm of the second fundamental form 
A of U. 

The L j-stability of U is defined as follows: 

Definition 4. A two-sided f -minimal hypersurface E is said to be Lf -stable 
if for any compactly supported smooth function (p G C'^{U), it holds that 

(8) - / ipLfipe-J^da = / - {\Af + RiCf{u,u))ip^]e'^ da > 0. 

It is known that an /-minimal hypersurface (^,5) is Lj-stable if and only 
if (E, g) is stable as a minimal surface with respect to the conformal metric 
g = e~^g. See more details in Appendix of this paper. 

In this paper, for closed hypersurfaces, we choose u to be the outer unit 
normal. 
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3. PrOPERNESS, polynomial volume GROWTH AND FINIT WEIGHTED 
VOLUME OF /-MINIMAL HYPERSURFACES 

In [3], the first and third authors of the present paper proved that the finite 
weighted volume of a self-shr inker Z"" immersed in R"^ implies it is properly 
immersed. In [9], Ding-Xin proved that a properly immersed self-shrinker 
must have the Euclidean volume growth. Combining these two results, it was 
proved [3] that for immersed self-shr inkers, properness, polynomial volume 
growth and finite weighted volume are equivalent. 

In this section we study the relation among the properness, polynomial 
volume growth and finite weighted volume of /-minimal submaifolds, some 
of them will be used later in this paper. 

If U is an n-dimensional submanifold in a complete manifold M™, n < m, 
E is said to have polynomial volume growth if, for a p £ M fixed, there exist 
constants C and d so that for all r > 1, 

(9) \ol{B^{p) n r) < C/, 

where B^\p) is the extrinsic ball of radius r centered at p, Vol(i?*^(p) 
denotes the volume of B^^{p) n U. When d = n in ([9]), i7 is said to be of 
Euclidean volume growth. 

Before proving the following Proposition [3l we recall an estimate implied 
by the Hessian comparison theorem (cf, for instance, [6] Lemma 7.1). 

Lemma 1. Let {M,'g) be a complete Riemannian manifold with bounded 
geometry, that is, M has sectional curvature bounded by k (\Km\ ^ k), and 
injectivity radius bounded below by io > 0. Then the distance function r(x) 
satisfies 

\V^r(V,V) - - \V - (V,Vr)Vrf\ < Vk, 
for r < minjio, and any unit vector V G TxX!. 

Using this estimate we will prove that 

Proposition 3. Let 17" be a complete noncompact f -minimal submanifold 
immersed in a complete Riemannian manifold M"^. If U has finite weighted 
area, then S is properly immersed in M . 
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Proof. We argue by contradiction. Since the argument is local, we may 
assume that (M, g) has bounded geometry. Suppose that E is not properly 
immersed. Then there exist a number 2R < minjio, and o G M so 
that B^{o) n Z" is not compact in U, where B^[o) denotes an extrinsic 
ball of radius R centered at o. Then for any a > 0, there is a sequence 
{pk} of points in [o) n H with distx'(pfc,Pj) > a > for any k ^ j. So 
Ba{pk) n B?{pj) = for any k / j. Choose a < 2R. Then B^{pj) C 
B^{o). If p S Bf{pj), the extrinsic distance function rj{p) = dist M{p,Pj) 
from pj satisfies, 

n 

^^i = J^vVj-(ei,ei) + (H, Vr^-) 

j=i 

> — - — iVrjf - nVA?- (V/^, Vrj) 
> |Vrjp - c, 



where c = n\/% + sup^M^g) l^/l- Hence 



Ar| > 2n - 2crj. 



Choosing a < min{ ^ , 2/2} , we have for < /i < | 
(10) / {2n - 2crj)da < / A^rUa 



) 

where v denotes the outward unit normal vector of dB^(pj) and A{fi) de- 
notes the area of dB^{pj). Using co-area formula in (jlOp . we have 



(11) / {n- cs)A{s)ds < I I {n - crj)da < fiA{fi). 

Jo Jo Jds{p,pj)=s 

This implies 

(n-c/i)y(^)<y'(M), 
where V{^) denotes the volume of B^{pj). So 
. X V'iii) n 
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Integrating (fT2]) from e > to /U, we have 



V{e) 



hmce iim = Wn, 

(13) V{^l) > L^nM^e"'''- 

Thus we conclude 



/ e^^da > / e^^da > inf (e^-^) / da = oo. 
This contradicts with the assumption of the finite weighted volume of U. 

□ 

Proposition 4. Let {M"^,g,e~^dfi) be a complete smooth metric measure 
space with Ricf = k, where k is a positive constant. Assume that f is a con- 
vex function. If U'^ is a complete noncompact properly immersed f -minimal 
suhmanifold, then U has finite weighted volume and Euclidean (hence poly- 
nomial) volume growth. 

Proof. Since {M,'g, f) is a gradient shrinking Ricci soliton, it is well-known 
that, by a scaling of the metric 'g and a translating of /, still denoted by 
^ and /, we may normalize the metric so that k = ^ and the following 
identities hold: 

fl + |v/l'-/ = o, 

i! > 0. 

From these equations, we have that 

A/-|V/|2 + / = ^, and |V/|'</. 

It was proved by Cao and the third author [l] that there is a positive constant 
c so that 

(14) l^^r{x)-cf<f{x)<\{r{x) + cf. 

for any x £ M with r{x) = distA/(p, x) > tq, where p is an fixed point in M 
and c, ro are positive constants that depend only of m and f(j>). 
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By ()14l) . we know that / is a proper function on M. Since U is properly 
immersed in M and / is proper in M, is also a proper smooth function on 
E. Note that with the scaling metric and translating /, E is still /-minimal. 
Hence 

m 

A/-|V/|2 + / = (A/- /„^_|v/^|2)_|v/T|2 + / 

a=n+l 

m 

= A/-|V/P + /- E 

a=n+l 

m 
< — . 

- 2 

Also we have 

|V/|2 = |V/^|2 < |V/|2 < /. 

By Theorem 1.1 of [3], U has finite weighted volume and the Euclidean 
volume growth of the sub-level set of / with the respect to the scaling metric 
and the translating /, and hence with the respect to the original metric and 
/. Moreover, by the estimate (jl4p . we have that E has the Euclidean volume 
growth. 

□ 

We prove the following 

Proposition 5. Let {M"^,g,e~^dfi) be a complete smooth metric measure 
space with Ricf > k, where k is a positive constant. Assume that |V/p < 
2kf. If E^ is a complete submanifold (not necessarily f-minimal) with 
polynomial area growth, then E has finite weighted volume. 

Proof. By a scaling of the metric, we may assume that k = ^. The proof 
follows from the estimate of /. Munteanu-Wang [11] extended the estimate 
(fTD to {M'^,g,e-U^i) with RkJ/ > \ and |V/p < /. Combining the 
assumption that E has polynomial volume growth with the estimative (|14p . 
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we have 

/ da = / da + / e~-^da, 

oo 
i=0 

oo 
1=0 

< oo. 

□ 

By Propositions O H] and O we have the following 

Corollary 1. Let {M^ ,'g, f) be a complete shrinking gradient Ricci soliton 
with Ricf > ^. Assume that |V/p < /• If Z! is a complete f -minimal 
submanifold immersed in M , then for E the properness, polynomial volume 
growth, and finite weighted volume are equivelent. 

4. Non-existence of Lj stabe /-minimal hypersurfaces 

In this section, we prove Theorem [3l which is a key to prove the compact- 
ness theorem in Section [5l 

Theorem 5. (Theorem\B^ Let {M,g,e~-^dfi) be a complete smooth metric 
measure space with Ricf > k, where k is a positive constant. Then there is no 
two-sided Lf-stable complete f -minimal hypersurface E immersed in {M,g) 
without boundary and with finite weighted volume (i.e. f^e'^da < oo). 

Proof. We argue by contradiction. Suppose that E is an L ^-stable complete 
/-minimal hypersurface immersed in {M,g) without boundary and with 
finite weighted volume. Recall that a two-sided hypersurface E is Lj-stable 
if the following inequality holds that, for any compactly supported smooth 
function 99 G C^{E), 

(15) j [\Vip\'^-{\A\'^ + mcf{u,u))]e-fda >0. 

Observe that any closed hypersurface cannot be Lj-stable. This is because 
that: the assumption Ricj > A; > implies that (fTSj) cannot hold for if = c 
on E. Hence, E must be noncompact. 
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Let 7/ be a nonnegative smooth function on [0, oo) satisfying 

~ \ if se [2,oo) 

and \rj'\ < 2. 

Fix a point p £ U and let r{x) = dist£(p, x) denote the (intrinsic) distance 
function in S. Define a sequence of functions ^j{x) = j > 1- Then 

|V(/?jp < 1 for j > 2. Substituting ipj for 99 in (fT5]l : 

Je 



< e ^ da — k I e ^ da 

JB§^{p)\Bf{p) Jb§^(p) 

< I e~^da — k e"^ da, 

JB§.(p)\Bf(p) Jb§(p) 

where B?{p) is the intrinsic geodesic ball in M of radius j centered at p. 
Since S has finite weighted volume, we have, when j — )• 00 



e-fda 0. 

lB§.{p)\Bf{p) 

Choosing j large enough, we have that ipj satisfies 



\V^j\^-{\A\^ + Ricf{u,u))^'])e~Ua<-- [ e~Ua<Q. 



IS ^JB^ip) 

This contradicts that Z" is Lj-stable. 

□ 

5. Compactness of complete /-minimal surfaces 
Before proving Theorem [51 we give some facts. 

Wei-Wylie ( |13j Theorem 7.3) used mean curvature comparison theorem 
to give a distance estimate for two compact hypersurfaces Ui and U2 in a 
smooth metric measure space {M,g,e~^dfi) with Ricj > k, where A; is a 
positive constant. Observe that for two complete hypersurfaces Ei and E2 
if at least one of them is compact, there is a minimal geodesic joining Ui 
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and 1^2 and realizing their distance. Hence the proof of Theorem 7.3 [13] 
can be apphed to obtain the following 

Proposition 6. Let {M,g,e~-^dfi) be an (n + l)- dimensional smooth metric 
measure space with Ricj > k, where k is a positive constant. If Si and S2 
are two complete immersed hyper surf aces, at least one of them is compact, 
then the distance d{Si,E2) satisfies 

(16) d{Ui,S2) < Umax \Hf^{x)\ + max \Hf^x)\). 

Corollary 2. Let {M,g,e~^dfi) be as in Proposition Then there is a 
closed ball B^^ of M satisfies that any complete immersed f -minimal hyper- 
surface U must intersect it. 

Proof. Fix p G Af and a geodesic sphere B^\p) of M. By Proposition El 

(p),r) < ^max\Hf'^^\x)\ = C, 

where C is independent on U. Therefore there is a closed ball B^^ of M 
with radius big enough so that any U must intersect it. 

□ 

We need the following fact: 

Proposition 7. Let M be a simply connected Riemannian manifold. If 
an f -minimal hypersurface U is complete, not necessarily connected, prop- 
erly embedded, and has no boundary, then every component of U separates 
M into two components and thus is two-sided. Therefore E has a globally 
defined unit normal. 

Proof. Suppose Uj is a component of U. By contrary, if M\Ej has one 
component. Since i7 is a properly embedded /-minimal hypersurface, for 
any p G i7j , there is a neighborhood of p in M so that W Ci Uj = W Ci U 
only has one piece (i.e. it is a graph above a connected domain in the tangent 
plane of p) . Thus we have a simply closed curve 7 passing p, transversal to 
Ej at p, and Uj D j = p. Since M is simply connected, we have a disk D 
with the boundary 7. Again since U is proper, the intersection of Uj with 
dD = 7 cannot be one point, which is a contradiction. 
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□ 

Combining Proposition [3] in Section [3] with Proposition [Tj we obtain 

Proposition 8. Let {M,g,e~fdfj,) be a simply connected complete smooth 
measure space. If a complete f -minimal hypersurface has finite weighted 
volume, then every component of U separates M into two components and 
thus is two-sided. Therefore U has a globally defined unit normal. 

We will take the same approach as in Colding-Minicozzi's paper [3] to 
prove Theorem [2l a smooth compactness theorem for complete /-minimal 
surfaces. First we recall a well known local singular compactness theorem 
for embedded minimal surfaces in a Riemannian 3-manifold. 

Proposition 9. (^c/ [3] Proposition 2.1) Given a point p in a Riemannian 
3-manifold M , there exists a R > such that : Let Uj be embedded min- 
imal surfaces in B2r{p) C M with dUj C dB2R{p). If each Ej has area 
at most V and genus at most g for some fixed V,g, then there is a finite 
collection of points Xj^, a smooth embedded minimal surface U C Bji{p) with 
dU C dBji{p) and a subsequence of {^j} that converges in Bfi(p) (with 
finite multiplicity) to E away from the set {xt}- 

It is known that E is /-minimal with respect to metric 'g if and only if Z" 
is minimal with the conformal metric g = e~^ g (see Appendix). Using this 
fact and applying Proposition^ we may prove a global singular compactness 
theorem for /-minimal surfaces. 

Proposition 10. Let M be a complete 3-manifold and {M,'g,e~^ d^) a 
smooth metric measure space. Suppose that Ui <Z AI is a sequence of smooth 
complete embedded f -minimal surfaces with genus at most g, without bound- 
ary, and with weighted area at most V , i.e. 

(17) / e^Ua <V <oo. 

Then there is a subsequence, still denoted by Ui, a smooth embedded complete 
non-trivial f -minimal surface E C M without boundary, and a locally finite 
collection of points S C E so that Ei converges smoothly (possibly with 
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multiplicity) to U off of S. Moreover, E satisfies j^e~^da < V and is 
properly embedded. 

Here a set 5 C M is said to be locally finite if Bfi{p) H 5 is finite for every 
p£ M and for all R > 0. 

Proof. Consider the conformal metric g = e~^'g on M. For a point p ^ M, 
let B2r{p) C M denote the ball in {M,g) of radius 2R centered at p. Then 
the area of B2r{p) n U satisfies 

(18) A^a{B2R{p) n U) < da= e^Ua<V. 

JE JE 

Also, it is clear that the genus of B2r{p) H Ej remains at most g. Then 
by Proposition [9l there exists a finite collection of points Xk, a smooth 
embedded minimal surface U C Br{p), with dU C OBr and a subsequence 
of {Sj} that converges in Br{p) (with finite multiplicity) to U away from 
the set {xk}- 

Let {BR^{pi)} be a countable cover of {M,g). On each B2Ri{pi), applying 
the previous local convergence, and then passing to a diagonal subsequence, 
we obtain that there is a subsequence of X!i, still denoted by Ui, a smooth 
embedded minimal surface E (with respect to the metric g) without bound- 
ary, and a locally finite collection of points S <Z H so that Z", converges 
smoothly (possibly with multiplicity) to S off of S. 

Since X! has no boundary, it is complete in the original metric 'g. Thus 
we obtain that the smooth convergence of the subsequence to the smooth 
embedded complete /-minimal surface E off of S. 

By Corollary [21 U is nontrivial. 

The convergence of Si to S and (|17p imply Jj-, e~-^da < V. By Proposition 
[3l i7 is properly embedded. 

□ 

We need to show that the convergence is smooth across the points in S. 
To prove it, we need the following 

Proposition 11. Assume that the ambient manifold M in Proposition \10\ 
is simply connected. If the convergence of the sequence {I^i} has the multi- 
plicity greater than one, then U is Lf -stable. 
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Proof. By Proposition [8l we know that Ui and E are orientable. We may 
have two ways to prove the proposition. The first is to use the known fact 
on minimal surfaces. It is known that (cf [6] Appendix A) if the multipHcity 
of the convergence of a sequence of embedded orientable minimal surfaces in 
a simply connected 3-manifold is not one, then the limit minimal surface is 
stable. Under the conformal metric g, a sequence {Ui} of minimal surfaces 
converges to a smooth embedded orientable minimal surface E and thus 
E is stable. Besides, the conclusion that E is stable with respect to the 
conformal metric g is equivalent to that E is Lj-stable under the original 
metric g (see Appendix). 

The second way is to prove directly. We may prove that Lf is the lineariza- 
tion of /-minimal equation by a similar proof to the one in [UIH] Appendix 
A. By arguing as in Proposition 3.2 in [HIH],, we can find a smooth positive 
function u on E satisfying 

(19) Lfu = 0. 

This implies that E is Lj-stable. 

□ 

Proof of theorem [2j By the assumption on Ricj and Proposition[Tl M has 
finite fundamental group. After passing to the universal covering, we may 
assume that M is simply connected. Given a sequence of smooth complete 
embedded /-minimal surfaces {Ei} with genus g, dEi = 0, and the weighted 
area at most V, by Proposition [TOl there is a subsequence, still denoted by 
{Ei} so that it converges in the topology of smooth convergence on compact 
subsets to a smooth embedded complete /-minimal surface E away from a 
locally finite set S C E (possibly with multiplicity). Moreover, the limit 
surface E C M is complete, properly embedded, da < V, has no 

boundary and has a well-defined unit normal v. We also have the equivalent 
convergence under the conformal metric 'g. 

If S is not empty, Allard's regularity theorem implies that the convergence 
has multiplicity greater than one. Then by Proposition \TT\ we conclude 
that E is Lj-stable. But Proposition [5] says that there is no such E. This 
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contradiction implies that S must be empty. We complete the proof of the 
theorem. 



Remark 1. For self-shrinkers, the condition that the scale-invariant uniform 
area bound exists (i.e. there is a uniform bound Vi: Aiea{Bji{xQ) E) < 
ViR^ for all xq G and -R > 0) implies that the uniform bound V of 



[5]). The converse is also true by the conclusion that the entropy of a self- 
shrinker can be achieved by Fo,i for self-shrinkers with polynomial volume 
growth (see Section 7 of [5]). Therefore Theorem [2] generalizes the result of 
Colding-Minicozzi (Theorem [1]) for self-shrinkers. 

Remark 2. Combining Theorem[2]with the upper bound estimate of weighted 
area for closed embedded /-minimal surfaces of fixed genus in a complete 
3-manifold with Ricj > A; > 0, we may obtain the smooth compactness theo- 
rem for the space of closed embedded /-minimal surfaces of fixed topological 
type and with diameter bound. We discuss it in [2]. 



In this Appendix, we discuss the Lj-stability properties of /-submanifolds. 

With the same notations as in Section [21 let (M™,^) be an m-dimensional 

Riemannian manifold and i : 17" — t- M'^,n < m, be an immersion. Let 
— — f— 

g = e g denote the new conformal metric on M. Therefore i may in- 
duce two isometric immersions of E: {E,g) — )■ {M,g) and {E,g) — )■ {M,g) 
respectively. 

When (U, g) is minimal, it is well known that the second variation of the 
volume of {E,g) is given by 

Proposition 12. (cf [6] J Let {E,g) be minimal submanifold in [M,g). If 
T is a normal compactly supported variational vector field on U (that is, 
T = T-^), then the second variational formula of the volume V of {2J,g) is 
given by 



□ 



weighted area (i.e. e ^ da < V) exists (cf. the proof of Proposition 



6. Appendix A 



(20) 
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where the stability operator (or Jacobi operator) J is defined on a normal 
vector field T to U by 

(21) JT = Af^^-^T + tr(^,g) [Ihn{;T).]^ + B{T). 

n 

Here --jT = ^"^(V^, Vj:T — Vy. g.T) is the Laplacian determined by 

i=l ^ 

the normal connection V"*" of {E,g), Rm is the curvature tensor on (M,g), 

n 

ir(£' [i?m(-, T)-]-*- = ^^[i?m(ei, T)ei]"'", A denotes the second fundamental 
1=1 

n 

form of {U,g), B(T) = ^ {A{ei,ej),T)A{ei,ej), and {ej, i = 1, - ■ ■ ,n is 
a local orthonormal base of{U,g). 

Recall that the weighted volume of {^,g) is defined by 

(22) Vf{U) = j e~fda. 

By a direct computation similar to that of ()20p . we may prove the second 
variational formula of the weighted volume of /-minimal submanifold (17,^). 

Definition 5. For any normal vector field T on {U,g), the second order 
operator Aj- is defined by 

AjT := A^T - tr[Vf (g> V^T(-, •)] 

n n 

= E(^i^i^ - ^v,e.T) - Y.(^^f){vjT) 

i=l 1=1 

The operator Lf on {1^,'g) is defined by, 

(23) LfT = AjT + R{T) + B{T) + F{T). 

In the above, V"*" denotes the normal connection of {U,g); {cj}, i = 1, . . . ,n 

n 

is a local orthonormal base of {U,g); B{T) = {A{ei, ej),T)A(ei, Cj), 
where A denotes the second fundamental form of {U,g); 

n 

R{T) = tr(^^^g-^[Rm{-,T)-]-^ = ''^^[Rm{ei,T)ei]'^ , where Rm denotes the 

i=l 

Riemannian curvature tensor of {M,g); and 

m 

F{T) = [V^f{T)]^ = ^^f{T,ea)e^, where{ea}, a = n + l,--- ,m 

a=n+l 

is a local orthonormal normal vector field on (U,'g). 
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Proposition 13. Let {S,g) be an f -minimal in {M,g). If T is a normal 
compactly supported variational vector field on U (that is, T = T-^), then 
the second variational of the weighted volume of {S,g) is given by 



(24) 



t=0 



JjT, LfT)ge~fda. 



Proof. Let 'ip{-,t),t G (— e,e) be a compactly supported variation of E 
so that T = d'il){^) is the variational vector field, St = ip{S,t), Uq = U. 
Choose a normal coordinate system {xi, . . . , Xn} at a point p & U. We can 
consider {xi, . . . ,Xn,t} to be a coordinate system of Z" x (— e,e) near the 
point {p, 0). Denote = d'ip{-^) for i = 1, . . . , n. The induced metric on Et 
from {M,g) is given for gij = {ci, ej). Hence gij{p, 0) = 5ij and Ve^ej{p, 0) = 
0. Denote by dat the volume element of Ut- Then dat = J{x,t)daQ, where 
dao = da and the function J{x, t) is given by 



J{x,t) 



with G{x, t) = det{gij{x, t)). Denote by d{af)t the weighted volume element 
of Et. Then d{af)t = Jf{x,t)dao, where Jf{x,t) = J{x,t)e~f^^'^\ f{x,t) = 
f{Hx,t)). 

Since 1^ = Elj=i9'H^e.T,e,)J, ^ ={El,=i9'H^eT,e,)-{Vf,T))jf. 
Note that T is a normal vector field. A direct computation gives, at (p, 0) 



dH 



t=o 



2^{Aij,Tf + {R{ei,T)T,ei 



5^(Ve,VTr,e,) + ^(Ve,r,Ve,r) 



i=l 
■=2 



V f{T,T)- {Vf,VTT) 

n n 

+(5^(Ve,r,e,) - (v/,r))(^(Ve,r,e,) 
i=i j=i 



(v/,r)) 



Jf 
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By 



i=l 



i=l a=n+l 



= Y,{A„Tf + ^{ViT,ViT) 

i,j=l i=l 

= \{A{.,.),T)\' + \V^T\^ 
and T,1=i{Ve,^TT,ei) = diviVrT)^ - ((VrT)-L,H), we have that, at p 



t=0 



- \{A{; •), r)|2 - Y,{Riei,T)ei,T) + \V^T\^ + div(VTr)^ 

i=l 

{{VTT)^,H)-V^f{T,T) - {Vf,VTT) + (T,Hj)2 



Using div(e-^(Vrr)^) = e"^div(VTr)'r - e^^((VTr)'r, V/), we have at p 



(25) 



d^Jf 



\t=Q 



iV^Tp - \{A{.,.),T)\^ - ^{R{e,,T)e,,T) - v'f{T,T) 



i=l 



e~f + div(e"^(VTr) ' ). 



Observe that the right-hand side of (j25p is independent of the choice of 
coordinates. Hence (j25p holds on S. By integrating (j25p and using the fact 
that E is /-minimal (i.e., Hj = 0), we obtain 



= / (|v^T|'-|(A(v),r)|2-(iS(T),r>-vV(r,r))e-'<i<T 

) J E 

= - j {T, AjT + A{T) + R{T) + F{T))e-fda 
= - [ {T,LfT)e^fda. 

JE 

Substituting e'^T for T in the identity J^\V^T\'^da = - f^{T, A-^T)da, 
we have 

J \V^T\'^e-fda = - J {T,AjT)e-fda. 
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Thus we have the second variational formula of the weighted volume of E 

= - [ {T,AjT + A{T) + R{T) + F{T))e^fda 
) Je 

= -J {T,LfT)e-^da. 



□ 

Definition 6. An f -minimal submanifold {IJ,g) is called Lf -stable if the 
second variational of the weighted volume of U given by \24^ is nonnegative 
for any normal compactly supported variational vector field T on U. 

Observe that for an /-minimal submanifold E and its normal compactly 
supported variation, it holds that Vf{St) = ^{^t)- Then 



(26) 



dt'^ 



d'^ 



i=0 



By ([20]), (IMD, and ([26]), we have 

(27) / {T,JT)ge-f dd = [ {T, LfT)ge-^ da. 
Je Je 

This implies that 

(28) / e-^{T,JT)ge-fda= [ {T, LfT)ge-f da. 
Je Je 

By (|28p. the following equality holds. 



Corollary 3. For any normal variation field T on E, 



JT = e^LfT. 



The operator Lf corresponds to a symmetric bilinear form Bf{T,T) for 
the space of normal compactly supported field on U: 

(29) Bf{T,T):=- ljT,LfT)ge-fda. 

We define the Lj-index, denoted by Lj-ind, of {U, g) by the maximum of the 
dimensions of negative definite subspaces of Bf. Hence {E,'g) is L^-stable 
if and only if its Lf -md= 0. 

On the other hand, for minimal {I],g), it is well known that the stability 
operator J also defines a symmetric bilinear form B{T,T), 

(30) B{T,T):=- JjT,JT)gdd. 
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There are also the concepts of index and stabihty of {E,g). In particular, 
{^,g) is stable if and only if the index md{U,g) = 0. Since Bf{T,T) = 
B{T,T), it holds that 

Proposition 14. Lf-ind of {IJ,g) is equal to the index of {U,g). In par- 
ticular, {1^,'g) is Lf-stable if and only if{I],g) is stable in {M,g). 

Now if is a two-sided hypersurface, that is, there is a globally-defined 
unit normal z/ on {I],g). Take T = ipv. Then the second variation ()24p 
implies that 

Proposition 15. Let U be a two-sided f -minimal hypersurface in {M^~^^ ,g) . 
If if is a compactly supported smooth function on E, then the second varia- 
tion of the weighted volume of (17, g) is given by 



ipLf{ip)e ^ da 



(31) ^,Vf{E, 

where v denotes the unit normal of {1^,'g) and the operator Lf is defined by 
Lf = Af + \A\l+Rrcf{u, v). 

Definition 7. The operator Lf = lS.f + \A\^-\-Ricf{v,v) is called Lf -stability 
operator of hypersurface{U , g) . 

A bilinear form on space {U) of compactly supported smooth functions 
on X! is defined by 



(32) 



Bf{ip,ip) : = — ipLfipe ^ da 
JE 



I - {\A\l + mcf{v,v))^\-fda. 

JE 



The L^-index, denoted by Lj-ind, of (^,^) is defined to be the maximum 
of the dimensions of negative definite subspaces of Bf. Hence {1^,'g) is 
Lj-stable if and only if Lj-ind= 0. Clearly the definition of Lj-index is 
equivalent to the corresponding definition using the variational field T be- 
fore. 

Also, for minimal hypersurface i : {X,g) — )• (M""*"^,^), it is well known 
that if is a compactly supported smooth function on S, then the second 
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variational of the volume V of {U, i*g) is given by 



(33) ^V(r,,: 



t=o JS 

where A denotes the second fundamental form of (Z",^), v denotes the unit 
normal of (17, ^), and J = + \A\^ + Ric(P, D) is stability operator (or the 
Jacobi operator) of {E^g). 
It holds that, from (1281). 



Proposition 16. Let {E'^,g) be an f -minimal hypersurface immersed in 
{M,g). Then for all (p G C^{E), 

(34) / {e~"Lp)J{e~'^(p)e^-^ da = / ipLf{ip)e^-^ da. 



E 

Corollary 4. For ip e C°°(r), Jie'nip) = e^Lf{ip). 

Corollary 5. Lf-ind of{U,g) is equal to the index of{U,g). In particular, 
{E,g) is Lf-stable if and only if{U,g) is stable in {M,g). 
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